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Question 1

¥t L € L(Ey,Ey). UEAPA RGBT

1. ker(L) = (im(L*)* (R EEHIE), (ker(L)): = im(L*);

2. ker(L*) = (im(L))*, (ker(L*))* = im(L).

Solution. Vx € im(L*), £ y € Ea,x = L*(y). {FAER T € ker(L),
(T, L*(y)) = (L(z),y) = 0.

fi x € (ker(L)):. XU T
im(L*) C (ker(L))*.

i
E; = imL* @ im(L*)* = im L* @ ker(L) C (ker(L))*: @ ker(L) = Ey,
imL" @ ker(L) = (ker(L))* @ ker(L)
BT (ker(L))* Nker(L) = 0, imL* Nker(L) = 0. {ubskAG
(ker(L))* = im(L*)

T L5 L EAXHE, ker(L*) = (im(D)*, (ker(Z7)* = im(L) i ker(L) = (im(L*)*,
(ker(L))* = im(L*) 3745

Question 2

B A €S, IEMFER 1) B €S} 18 B* = A, B B = As. XEMFFRSZHIE ST bR
RE].




Solution. fAfEtE. HT A e S}, WMUfFHE T € O(n), #iff T-'AT = 3 4. 4 @X AR i

EA :dla‘g{)\la 7)\71}7 )\1 207 7)\n = 0.
Y
B = Tdiag{\/\1, -, VAT "
B2 B® = A. Wi BRANEAAE C2 = A, W (T'CT)? =4, 515 T7'CT € St.

T2, AHES —EHME S € O(n), i3 S'T-'CTS = diag{\,, -, \,}, i S'T~'BTS =
diag{A1,-- -, A}, T2 B il C w][HtxH k. # BC = CB.

TR
B*—C?>=(B+C)(B-C) =0, (1)

MT B+C €S, M |B+C|>0,# B—C = 0. XptB] T B HyMe—tk, AMHEE.

Question 3

X A, B 2 EBIEEMTE, N\ peR, A, B pR2PHEAFF. UEM A\ + uB t2HE, i@
1 S B X HEL A A R ).

Solution. AWkt A HRY 2* € N+ uB, F71E {2z = Avp + pyr,z € A,y € B}, {15
{zi = Meg + pyr } = 2*. BT {xn} AR, BIFAETH) {zn, } C {zn}, 15 {26, } 22" € A H
W, {uyk,, } — 2 — Xz*, i B WP, 2* — Aa* € uB, # 2* — Az* + A\z* € AMA + uB, #§

AA+puB = XA+ uB.
B AA + B 2%,
Ul A={n+ 3} B ={-n}, TR

1
A+B={k+ -},k€Z,neN*.
n

Z0 02 A+ B R, HZ20¢ A+ B.
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Question 1

UERH: epi(cl(f)) = cl(epi(f)).




Solution. it! f: E — [~0o, +0o], H T cl(f) & FAHESM, HIL epi(cl(f)) M. b T
A(f) < f,
# epi(cl(f)) D epi(f). H epi(cl(f)) FtE, %
epi(cl(f)) O cl(epi(f)) (2)

# Y (¢%, a%) € epi(cl(f)), A
lirgigff(x*) <o

BVFFAE o, (45 3 {ai} = 2%, fan) = a <o BT (an, f(ar)) € epi(f), # (27, @) € cl(epi(f)).
Noar 2 o, bRA (27, o) € cl(epi(f)). T

epi(cl(f)) < cl(epi(f))- (3)
Zig (11) A1 (3), 1%

epi(cl(f)) = cl(epi(f))-
UE5R.
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Question 1

TAeSLbeER, “REM ¢ R =R EXLH
1
q(z) = ixTA:E +b'x

UERR AN = 251 o HAH SR
1. infgn ¢ > —o0.
2. A= 0,b€im(A).

3. arg ming~ q # 0.

Solution.

“(1) = (2)7: BT infgn ¢ > —o0, B—EFTE 2* € R, {fif§ 2* € argming~ q. 7£ 2* AMEEE
s, #A
q(z" + Az) — q(z7) = 0. (4)

q(z* + Az) — q(z*) =(Azx) " (Az* + b) + (Az) T A(Ax)
Az)T(Az* 4+ b) + o || Az|)




X VAz > 0 Bz, X Ui Az +b =0, B, b € im(A) 745, Y4 ||Az| 7850 KE, q(z* 4+ Az) —q(z*)
5 AzT AAz A%, X Ui, V Ax,
Az AAz > 0. (5)
XYL A = 0.
“(2) = (3)7: T be im(A), FHE b= A\ HF A= 0, 1
q(z) = %mTA:r +b'x

1
= ixTAx + AT Az

1 1
1

> - AANT.
2)\ A

HY = -\ BHHES. T2 argming. ¢ D {—A} # 0.
“3) = (1)": H q(x) RyEENE, L5

Question 2

HEW: BEA X #, e — DS T hull : 2% — 2%, WIAE— ML RS BHIE, S = {hull(S) |
SC X} RAURE.

Solution. MRAFHH A8 1.18 AI, TIIUE S = {hull(S) | S C X} WREBRFEHP K.

1. XS i
X chull(X) Cc X

AL
2. MEEARE ACS,

(| bul(S) chull( () hull(S))c (] hul(hull(S))= (] hull(S).

hull(S)eA hull(S)€A hull(S)eA hull(S)€ A
i
() hull(S)=hull( (] hull(S)).
hull(S)eA hull(S)eA
Bp
(| bhull(s)csS (6)
hull(S)eA

S = {hull(S) | § € X} B—AMAES
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Question 1



ﬁEEDq -& Lo, L1, L2, " , Tk GE) Ijl\[J
xo + span{z, — xg, -+ ,xx — xo} = aff{zg, -+ , 21} (7)

R, W {xo, - zn} WE 0, M aff{z, -, 2} = span{xg, - -+ , x4}

k
Solution. Jt > a; =1 I

=0

k k k
xo + span{zy — xo, - , Tk — To} = To + Zai(xi —x9)=(1- Zai)(xo) + Zaixi
i=1 i=1 i=1 (8)

k
= Zaixi = aff{zg, - , a1}
i=0
WA
xo + span{zy — xg, - ,xx — xo} = aff{xg, -+ , %} 9)

% {flfo,"' ,.’Ek} @/3\ 07 Z:ﬁﬁia Ty = 0. D_I\IJEE (9)7 /T—E/\ Ty = 07 ﬁ

span{zo, - ,zx} = span{xy -+ , 2} = xo+span{x; —xo, -, T —xo} = aff{zg, -+ ,zx}. (10)
AFIHIEEE.
4 J 22 HEk

Question 1

Closure cl M of M , which in terms of hull operators is the intersection of all closed sets

containing M, can also be written as

ol M ={z|Ve>0,B(z)[ | M # 0}
={z | Iz} C M,s.t. klim T =x}

or

dM:ﬂM+w
e>0

The above definitions of the closed closure are equivalent, i.e., all of the above sets are the

same.

Solution. “(1) = (2): (| QcC{z|Ve>0,B(x)\M#0}.idcd M= [ Q,FEHfF
McCQ,QH MCQ,QH

fFErec M,{H B.(x)\M #£0. N el M\ Be(x) Dcl M, F)F!

“2) = 3):{z | Ve > 0,B.(x) M # 0} C (\ M +¢eB” Ve > 0,B.(x) M # 0, XijiHH,

e>0
x € M +eB, H e {EREMEEIE.




“3)=(1): N M+eBc N Q"

e>0 McCQ,QH
RN TAEREME Q, H N M +eB C Q. FIRIEE:, IRUFETE Q 2%, B LR & XERN

e>0

BL, BWHITEAE € > 0, Bo(z) € Q. Bl B-(z) M =0. W z ¢ M + $B. FJ§!

Question 2

For a bounded set, the closed convex hull is also the convex hull of the closure of the said set.

And give an example that in general convS # conv(clS).

Solution. | cl(conv)(S) 2 cl(S), H. cl(conv(S)) &4, FH15%
cl(conv(S)) D conv(cl(S)).

i cl(S) BEE (FAMLE), i conv(cl(S)) ZELE, HARZME. Hh conv(cl(S)) 2 conv(S)
i
cl(conv(S)) C conv(cl(S)).

MO TS S,
cl(conv(S)) = conv(cl(S)).

BT S = (0,1) Uz . M cl(conv(S)) = R x [0, 1], conv(cl(8)) = {R x [0,1)} J(0,1).
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Question 1

& C1,Cy CE 2r44E, M ri(Ch + Cs) = ri(Ch) + 1i(Cy).

Solution. A% dim(C;) = dim(Cy) = dim(E)
F(.’El,.’EQ) =T + D)

T2 ri(F(Cy x Cy)) = F(ri(Cy x Cy))
FIE

ri(C’l X 02) = I'I(Cl) X I'I(CQ)
BB (21, 22) € 1i(C). FHHE € > 0, 15 B.((z1,22)) Naff(Cy x Co) C Cy x Cs. T Be((21, z2) |
Cl) = B€<LI}1),BE((I1,I2) ‘ 02) = BE(SCg). EE’TFEJL aff(Cl X CQ) = aff(C’l) X aff(Cg) ﬁ:%
B.(z1) X Be(x2) N (aff(C1) x aff(Ca)=(B.(z1) N aff(Cy)) x (B.(x2) Naff(Cs)) C O x Co. Xk
EJ% BE(.'I,'l) N aff(C’l) Q Cl, BE(J}Q) N aff(Cg) g CQ. E[] (xl,xg) < I'I(Cl) X I'l(CQ) fjj‘j[’nﬂﬂ]?,fji




TR, 1i(F(C) x Cy)) = F(ri(Cy x Cy)) = Fi(Cy) x 1i(Cy)) = 1i(Cy) + 1i(Cy), FHiE

I‘i(Cl + 02) = I'I(Cl) + I‘I(CQ)

Question 2

R%,S% and K = {(z,t) € R" x Ry | |z]; < t} are closed convex sets and all of them are
self-dual.

Solution. Vi, 2z, € R}, Axy + (1 — Nz € RE,A >0, HT Ry 2HI4E, it R} 2 M4

VA, Ay € ST, AL+ (1= AN)A2 € S0 > 0. BF ST WHIME, BL—31 Ar,-- A, -, ﬂf%
—HEREEE || - || R Ay, A, IR A M TFAERE 2 £ 0, F 2T Az — 2T Az >
V(l’l,h), (Jig,tg) S K,

A@1,t1) + (1= A) (@, 1) = Ay + (1= Nza) + (M1 + (1= M)

M [Az1 + (1 — XN)z2|e < |Az1]2 + [(1 — XN)z2|e < Mty + (1 — N)to, IEEE.
P AR

2T AXHEE,
(R?):={d € E| (d,z) <0,V € R"}.

,ﬁzlﬂﬁﬂy €1,€2," " ,€n, ?%ﬁ%ﬂ
(Ri)o = {(J)l,l'z, U 71‘71)7:1:11 T, T < 0} = _(Ri>0

xYG(S") ,%‘Y@é( ), WAFLE o ffif5 2"Ye < 0.8 X =2z’ € ST, T2 (V,X) <0,
FHE! T= (S}) €S},

i=1

¥, X)= tr(z Xigiq; ), Ni = 0

g=il
XU Y € (S7)7, TR S C (Sp)". L7k
— (s
£F K = {@) € R xRy | [z < t), THSRENER K = {@1) |

(o, ) S IEFRIA AR 45 B2}, TR K° = {(z,t) | (z,¢) 50l 45 &} SR
K*=-K'=K.

A LS.

Question 3



i S CE k= W
cone(S) = C(S) =Ry (conv(S)) = (conv(R4.S)
Hr
c(9) := {Z)\ixiMEN,xi €SN =20,i=1,2,---,r}

i=1

Solution.
cone(S) C C(S): BIR.
C(S) C R, (conv(S)): fEHL = € C(S), R

xzz/\ixi|r€N,$i€S,)\i>0,i:1,2,-~- ,T

=i
=0, 2 xeRy(conv(S)). # = #0, M X\ AR 0, Bl A= 3" A, W § € conv(S).
=

R, (conv(S)) C (conv(RyS): x € Ry (conv(S)) = A i T = i a;(Az;) € conv(RS)

=1
SO R:S, H S &2k, T
cone(S) D conv(S)

AEHESE.

Question 4

K = {(z,t) e R* xR, | ||z||2 < t}. For « € K, compute Tk (z) and Nk (x).

M x e int(K), TH& B.(x) € K, TR Tk(x) = R"™ Ng(x) = 0.

Y ox =0 B, FEMHEL 249 F Nk(0) = K° = —K. T Tk(0) = (Nk(0))?, T/ Nk(0)
K.

2 2 ebdK \ {0} B, A ||zl =t B Nx(z) ={ve K°| (v,z)) =0}, B («/,¢) € K, I
g Tz +t't=0

H el < =t #
—t't = |la’z ]2 < [|2"||a]|2ll2 <t

TRBE =2, t'=—t. TR
Nk (2) = Ry (2, —[z[])
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Question 1

Let C4,Cs,---,C, CE, then
p P
(JIco=cI]ce
=1 i=1
Equality holds under either of the conditions.

(1) C; is nonempty and convex for all i.

(2) There exists at most one ¢y such that C;, is unbounded.

p p
Solution. Vv € ([] C;)*°, IH{ar} C ([] Ci)>°, {tx > 0} — 0, tpx) — v}.
i=1

=1

TRXF Vi, xp (i) € Cy, {tx > 0} = 0, tpazi (i) — v(2). B xp(i) € C° x4, € H Cee.

=1

C> = 1_1 OF(cl(Cy)). W%t

s

2 C; Az, W B R 2,57, C = OF(cl(C)). ¥ v

Il
_

3

T Va; € c(Ci), A = 0,2, + \v; € cl(Cy). #UiH cl(H C;) = cl

ﬁ:ﬁ
—

Ci) , W Y(zy, 20, ,p) €

P 0 p
A(T] Ci), A = 0,2 + A(vg,va,- -+ ,v,) € CI(H Cy). v e O (c(]] Cy)) = (T Cs)*>°. XviH
i=1 =il | =il
p p
(H C;)™ 2 HCZ'OO
il =i
P p . p P
ity (I1 Ci)> C I1 C=, a4 (IT Co)> =[] C°.
= =1 =1 =

Tk cl(

o
Il
e

M
—

o
Il
o

L cl( l(C;) IR

i [:]v i :]@ -
I
s
2
Q

T Vo e ﬁcm«), WXT 21 € cl(Cy), e o5 € Ci, i3 {5V} = o FREH, wit
=1

T V(2" 22) € C1 x A(Cy), TTHRE] {2}, 25")} — (2}, z2), dXHALEN, AT4k3]—51

(@57, 25N} = (21, 22). TR (21,22) € cA(Ch) x cl(Co) HIHEFT T2, T o € (] C).
i=1

i Hcl( )CCI(HC) XEcl(f[lcy) - f[lcl((]i) S &0 (1) 1F

FEASE (), B CCoeo- .Gy MR, 578 (11 C= = [1 O = {0}. % C; KA, fH
Cili # ) AR Hifr® 2.55, ] (ﬁl )™ = {0} x {0} x - C5° x {0} x -+ {0} = f[1 c.

Question 2

Let T € L(E4, E;) and C € E be closed such that ker TN C* = 0. Show T'(C*) = (T(C))>®




Solution. Vy € (T(C))>°, {T(xzx)} C T(C),{\x >0} = 0, s. t. N, T'(x) — y.
Z | kzi|| — oo, T Hizi“ = ST, BB T@) =0.Mz=15ke TNC>® =0xF

o] llkll
JE. X { Akt RAF T, BT ARGS9 {Xaza} C {Mai}. B O 2HIEE, N
T v e C. ffifF A\o(zq) > v. Ty = kILHOIO MT(zr) = T(Apzr) = T(v) € (T(C))>®. XijiHH

(T(C))> CT(C™).

F—HH, # y € T(C™), WEHE z € C,{\x > 0} — 0, 15 T(\e — xx) — y. T T (M —
x) = N (). XU y € (T(C))>. I T(C™) C (T(C))*>. ABHEEE.
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Question 1

Let K C E be a cone. Then K°° = convK.

R IERE 2.33, Ko° M HY. BARA K°° D convK.
B—J5H, & o € K°°, {H o ¢ convK. WG AN EH, 7278 s # 0, 12

(s,z) > sup (s,v)

veconvk

H (s, x) > 0. [}
(s,z) > sup (s,Av)

veconvk

AN — 00, 15 (s,v) <0, Vv € convK.
T2 s e (conv(K))° C K°, |iij © € K°° = (K°)°, T2UWRE (r,z) <0, FJE!
AL

5 J 13 Hfflk
Question 1
m
Let s1, 82, , 8, be given in R™. Then the convex cone K := cone{sy, - ,Sn} = {D_ ;s :
j=1
a; >0 forj=1,2,---,m} is closed.

Solution. BtV y ¢ K. WM TFHAEN: v ¢ span{sy, s2,- -+, sm}. AT FEMZHLE, #H—
JEAFTE B (y) Nspan{sy, 82, ,5m} = 0.

% Y € Span{817527 T 73m}7 /fg. Yy ¢ Cone{517527' o 75m}- JJ:KE#—AKHE%A 5i < 07 ﬁ!ﬁ Yy = Z ﬂjsj
j=1

10




(651 61

.- : Q2 B2
leTJ‘a E;ﬁ*ﬁ B@(/@)m . :(Z)v Qq, Qgy -t 7am>07ﬁ = .

Am B
ﬁﬁ [517327 T 73n]B|BTi| (/6) 7\%@/3\ Yy E‘J%%v H [817527 o 7Sn]B|Bi| (/8) NK = (Z)
Z U, FATFHL U] T K© @I, T2 K 2H4E.

Question 2

Let C be convex and compact, and D C C such that conv(D) = C.,then ext C' C cl D.

Solution. A FfE » € ext(C), H = ¢ cl(D). T C BEH), FrbA D A5 WEIEA
conv(D) = conv(cl(D)).

i z € ext C C convD. WAFLE z; € cl(D) f#if5 z = Z)\ixi,z:)\i =1.0 z; €cl(D) Cc C,x €
ext(C), XU z;, = x € cl(D), Vi, FJg!

5 7 15 Nl

Question 1

Let f: R — R|J{+oc} and I C dom f be an open interval. Show the following:

(a) f is convex on I iff the slope function z — Lf(()x”) is non-decreasing on I \ {zo}.

(b) Let f is differentiable on I. Then f is convex on I. If f is non-decreasing on I, i.e. f'(s) <
f'#) (s <t)
(c) Let f be twice differentiable on I. Then f is convex on [ iff f” > 0.(Vz € I).

Solution. (a) ‘=" HiHE 2o > x1 > xo. HMBREE, A
(w2 —21) f(2) < (v —21) f(22) + (22 — 2) f(21)

IS
’ Fla) — flao)  flar) = Flao)

To — X - 1 — X
HA I O B v (BRI ¥ AT k.
=" BHE, WTHEE 2,20 € 1, A 2 0.0

fz + (1= XNaz) 2 Af(z1) + (1 = A) f(z2). (11)

11




AWt xo > x1, 10 Ay + (1 — N)xg := xo, W

f(@2) — f(2o) S f(@1) — f(20)
T — ()\l‘l + (1 — )\)Ig) - T, — ()\171 —+ (1 — /\)172)

(c): ‘=": iy (b) “ifH.
‘el AR, (o) A L9200 S ST (a) 19 < SEAS F .

r—xo

Question 2

Let f be convex and lsc, g : R — R|J{+00} be convex (and lsc) and increasing. Under the

convention g(4o00) = oo and lir+n g(x) = 400, go f is convex (and lsc).
T—r+00

Solution.. ff FFIELLE IR, TIER™.

go f(Azy + (1 — N)wz) <go (Af(w1) + (1 — A) f(x2))(f i + gHiHY)
<Ago (f(z1)) + (1 = A)go (f(z2))(g™)
JEEE.

5 H 20 HfEk

Question 1

UEW] f(X + H) — f(X) + (X~ H) — 5 te(X T HX " H) = o(||H||?)

Solution.
fX+H) - f(X)+ (X1 H)— %tr(X‘lHX_lH)
< —log(det(I + X *HX %))+ tr(X *HX 3) —tr(X 'HX 'H)
=o(tr(X'HX'H))
= o(||H|*)

Question 2

12



f eI, g € T, AERH f + g /255 Hl ).

Solution. T g &, B 2o € ri(dom(f)), Wi T A E R, Fi4E g € E

f(x) = f(wo) + (g, — o)

T2
lim f(z) + g(x) > i f(x) i (9,2 — x0)
lzl—+o0 ||z lzll—+o0 ||z ] |zl
f@) _
Z el oo (|| lal
= +00.
5 H 22 Hflk

Question 1

EW] epi_ (f#g) = epi (f) +epic(9)

Solution. JGiE epi. (f#g) C epi. (f) + epi(g).

% (z,a) € epi_(f#g), M
mf{f(u) +g(z —u)} <a

WIFFHE wy, e > 0, 45 f(ur) +9(z—up) = a—e. T2 (uy, f(ur)+5) € epi(f), H (ug, g(u2)+
5) €epi(g) MM (z,a) = (w1, f(u1) + §) + (w2, g(u2) + 5), i (v,a) € epi_(f) + epi_(9).

FHIE epi (f#g) D epi(f) +epi.(9)

(‘Thal) € epi<(f),(:v2,a2) € epi<(g)7 )I_I\[J
(f#9) (w1 + 72) < f(21) + 9(72) < 1 + 2.

XULHH (21 4 22, 01 + a2) € epi_(f#g). Bl epi_(f#g) D epi(f) + epi.(g)

13



