
Academy of Mathematics and Systems Science Apr. 12, 2024
Chinese Academy of Sciences Assignment
Name: Xiayang Li(李夏洋)
Major: Operations Research and Control Theory
UID: 202328000206057
Personal Page:https://xiayangli2301.github.io

Stochastic Operations Research-Homeworks 2

Question 1

A Markov chain {Xn, n ⩾ 0} with states 0,1,2, has the transition probability matrix
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
1. If P{X0 = 0} = P{X0 = 1} = 1

4
, find E[X2].

2. Compute the mean of the sojourn time at state 0.

3. What are the limiting probabilities.

4. Compute the expected number of transitions need to return to state 0. (i.e., the mean
recurrence time of state 0).

Solution.

1. We have

P (2) = P 2 =


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 .

Therefore,

[P{X2 = 0}, P{X2 = 1}, P{X2 = 2}] = [P{X0 = 0}, P{X0 = 1}, P{X0 = 2}]P 2

= [
5

12
,
13

72
,
29

72
].

Then we get
E[X2] = 1× 13

72
+ 2× 29

72
=

71

72
.

2.
E[R0] =

1

1− pii
= 2.
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3. The limiting distribution equals to the stable distribution, which means that

[
x1 x2 x3

]
=

[
x1 x2 x3

]
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 . (1)

We also have
x1 + x2 + x3 = 1. (2)

Combine (1) and (2), we finally get

x1 =
2

5
, x2 =

1

5
, x3 =

2

5
.

So the limiting probabilities are
[
2

5
,
1

5
,
2

5
]

4. Given that the Markov chain is positive recurrent, irreducible, aperiodic, we get that the
stationary distribution is equivalent to the limiting distribution and

m00 =
1
2
5

=
5
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Question 2

1. Write down the forward equations for the pure birth process and prove that

Pii(t) = e−λit, i ⩾ 0

Pij(t) = λj−1e
−λjt

∫ t

0

eλjsPi,j−1(s)ds, j ⩾ i+ 1.

2. Write down the forward equations for the birth and death process.

1. The forward equation can be formulated as

p′i,j(t) = λj−1pi,j−1(t)− λjpi,j(t), j ⩾ i+ 1;

p′i,j(t) = −λjpi,j(t), j = i;

pi,j(t) = 0, 0 ⩽ j < i.

So we have
p′i,i(t) = −λipi,i(t)

with pi,i(0) = 1. Therefore,
pii(t) = e−λit, i ⩾ 0.

And by solving p′i,j(t) = λj−1pi,j−1(t)− λjpi,j(t), j ⩾ i+ 1, we have

(eλjtpi,j(t))
′ = λj−1e

λjtpi,j−1(t). (3)

2



Integrating both sides of (3) yields

eλjtpi,j(t) = λj−1

∫ t

0

eλjspi,j−1(s)ds,

and we get the results

pij(t) = λj−1e
−λjt

∫ t

0

eλjspi,j−1(s)ds, j ⩾ i+ 1.

2.
p′i,j(t) = λj−1pi,j−1(t)− (λj + µj)pi,j(t) + µj+1pi,j+1(t), j ⩾ 1;

p′i,0(t) = −λ0pi,0(t) + µ1pi,1(t).

Question 3

Consider a continuous-time Markov chain with infinitesimal generator matrix
−4 4 0 0

3 −6 3 0

0 2 −4 q1

0 0 1 q2


1. What are q1 and q2?

2. Compute the limiting probabilities.

Solution.

1. We have 2 + (−4) + q1 = 0

1 + q2 = 0.

Therefore, q1 = 2, q2 = −1.

2. For a finite, irreducible, continuous-time Markov chain, the limiting distribution always
exists and is identical to the stationary distribution of the chain. Therefore, We have
πQ = 0, and

∑
i

πi = 1. Thus,

π1 = 0.12,π2 = 0.16,π3 = 0.24,π4 = 0.48
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