Academy of Mathematics and Systems Science Apr. 12, 2024
Chinese Academy of Sciences Assignment
Name: Xiayang Li(Z=E )

Major: Operations Research and Control Theory

UID: 202328000206057

Personal Page:https://xiayangli2301.github.io

Stochastic Operations Research-Homeworks 2

Question 1

A Markov chain {X,,,n > 0} with states 0,1,2, has the transition probability matrix
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1. If P{X, = 0} = P{X, =1} = 1, find E[X>].
2. Compute the mean of the sojourn time at state 0.
3. What are the limiting probabilities.

4. Compute the expected number of transitions need to return to state 0. (i.e., the mean

recurrence time of state 0).

Solution.
1. We have
1 5 7
3 18 18
2 2
POpi= |l L g
1 1 1
2 6 3
Therefore,
[P{X> = 0}, P{X> = 1}, P{X, = 2}] = [P{X, = 0}, P{X, = 1}, P{X, = 2}]P®
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S 127727 T2
Then we get @ S
E[X5] X = + 2 x 5 = 75
2.
1
E[Ry| = =
[ O] 1 —pii




3. The limiting distribution equals to the stable distribution, which means that

11 1
2 3 6
[wl Ty 1’3] = [3:1 o xs} 0 % 3 (1)
1 1
3 0 3
We also have
T+ 2+ 23 =1 (2)
Combine (1) and (2), we finally get
2 1 2
r1 = 3,.’172 = g,xg = g
So the limiting probabilities are
[2 1 2]
55’5

4. Given that the Markov chain is positive recurrent, irreducible, aperiodic, we get that the

stationary distribution is equivalent to the limiting distribution and
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Question 2

1. Write down the forward equations for the pure birth process and prove that
Pit)=eMi>0

it
Py(t) = Aj_re ™" / 5Py (s)ds, j > i+ 1.
0

2. Write down the forward equations for the birth and death process.

1. The forward equation can be formulated as

Pij(8) = Aj—1pig—1(8) = Agpig (8),5 > i+ 1
Pii(t) = —A;pii(8), 5 = 4;
pi(t) =0,0<j <.

So we have
p; (1) = —Aipii(2)

with p; ;(0) = 1. Therefore,
p”<t> = eiAit,Z. 2 0.

And by solving p} ;(t) = A\j_1pij—1(t) — Ajpii(t),5 = i+ 1, we have

(eY*pi () = Aj—1€™°p; 51 (2). (3)




Integrating both sides of (3) yields

¢
eMtp ;(t) = /\j—l/ e*p; j—1(s)ds,
0

and we get the results

t
p”(t) = )\jle_)"'t/ €>\j‘9pi’j,1(8)d$,j 2 Z+ 1.
0

Pi; () = Nj_apij_1(t) — (A 4 )ps 5 (8) + w1041 (8), 5 = 1
Pio(t) = —Aopio(t) + pipia (t).

Question 3

Consider a continuous-time Markov chain with infinitesimal generator matrix

-4 4 0 0
3 -6 3 0
0 2 -4 q
0 0 1 g

1. What are ¢; and g7

2. Compute the limiting probabilities.

Solution.

1. We have
2+ (—4) + q1 = 0

144¢,=0.
Therefore, ¢ = 2,92 = —1.
2. For a finite, irreducible, continuous-time Markov chain, the limiting distribution always

exists and is identical to the stationary distribution of the chain. Therefore, We have
7@ =0, and ) m; = 1. Thus,

™ = 0.12,71'2 = 0.16,71'3 = 0.24,71'4 = 0.48




